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Let C(T) denote the space of continuous 2n-periodic functions on R or 
equivalently the space of continuous functions on the unit circle T. A 
continuous increasing function k(t): [0, co) -+ [0, co) is called a majorant 
if J.(O) = 0 and 
If A is a majorant, Lip, will denote the set of all SE C(T) for which an 
inequality 
if(x,)-f(xz)l GMA(Ix, -x21) 
holds for some M < co and all xi, x2 E R. If J(t) = ta for some CY E(0, 1 ), 
then we write Lip, instead of Lip,. Here is the theorem of Privalov 
mentioned in the title-see page 121 of [S, Vol. I] for a proof. 
THEOREM 1 . Fix c( E (0, I ). If f belongs to Lip,, so does the conjugate 
function 7 
The following theorem of Zygmund can be viewed as a generalization of 
Theorem 1. To state it we need a definition: a doubly infinite sequence {dn> 
is a multiplier for Lip, if x c,dneinX is the Fourier series of a function in 
Lip, whenever C c,e jnX is. The class ,4!+ is defined in [6], where the next 
theorem is proved. 
THEOREM 2. Fix a E (0, 1). The sequence {d,) is a multiplier for Lip, if 
and only LY 
c’ (in)-’ d,,einX 
is the Fourier series of a function in Ai. 
The purpose of this note is to prove the following result. 
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THEOREM 3. Suppose I. is a majorant. The ,following ,four conditions are 
equivalent: 
(A) u,fELip,, then7ELip;; 
(B) 1; (A(s)/s) ds + t sy (j(s)/s2) ds = 0(%(t)) as t -+ 0; 
(C) Suppose h E C(T). If Ih(x + ;a) - 3h(x + fu) + 3h(x - 4~) - 
h(x-&)I is O(lul %(lul)) uniformly m x as u -+ 0, then h’ exists and is in 
Lip, ; 
(D) Zfx’ (in)-’ d,e’“’ IS the Fourier series of a function in AL, then 
{d,} is a multiplier for Lip,. 
If these conditions hold, then the converse to (D) is also true. 
Condition (B) seems to describe majorants whose decay as t -+ 0 is 
temperature-l(t) = t” log( l/t) (for small t and 0 < c1< 1) is an example- 
while if the decay is too slow (like l/log( l/t)) or too rapid (like t log( l/t)), 
then (B) may fail. 
Condition (C) is well known when l(t) = t”, 0 < CI < 1 (see [7, p. 641). 
A related result appears in [S]. 
Proof That (A) Implies (B). Assume (A). Suppose F=u+ iv is 
continuous on {I z / 6 1) and analytic on {I z I < 1 }. If u E Lip,, then (A) 
and Theorem 1.1 of [4] imply that 
If’(z,)-f’(z,)l =0(4Izl-zzI)) if 12,1,1z21dl 
Now (B) follows from [3]-specifically from Lemma 3.2 and the proof of 
Theorem 1.5. (The condition 
lim inf - i(t) > 1 
r+o+ d’(t) 
in Theorem 1.5 is used only to establish that 
t s = 4s) I sz ds = 0(&t)) 
as t + 0, and this follows for us from Lemma 3.2.) 
Proof That (B) Implies (C). We use a line of reasoning reminiscent of 
the proof of Theorem 3.4 on page 44 of [8, Vol. I]. Assume (B). Suppose to 
begin that h E C(T) is differentiable-we will remove this assumption 
later-and put 
g(u) = g(u, x) = 
h(x + fu) - h(x - +) 
for u#O. 
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(1) 
where A is a positive constant depending only on h. Then 
Since 
lim g 5 = 3h’(x) 
n-tnc 0 
and 
Jbyds=O(l(t)) as t-+0, 
it follows that 
I g(u) - 3h’(x)l< AC4 1 u I), 
where C will denote a constant depending only on 1 (but which may 
increase from line to line). Replacing u by u/3 gives 
(2) 
Since this estimate is uniform in x, we also have 
and so 
h’(x + u) - h’(x) + 
2h(x + u/2) - h(x - u/2) - h(x + 3u/2) 
6AWluI), 
u 
h’(x) - h’(x - u) + 
2h(x - 42) - h(x - 3u/2) - h(x + 42) 
<Aa(luI). 
u 
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Combining these yields 
h’(x + u) + h’(x - u) - 2h’(x) 
h(x + 3u/2) - 3h(x + u/2) + 3h(x - u/2) - h(x - 3u/2) 
u 
<ACJJ(Iul). 
With the hypothesis of (C) this gives 
Ih’(x+u)+h’(x-u)-2h’(x)l dACl”(IUI). (3) 
Note also that (2) yields the inequality 
II A’ II z G C(A + II h II x 1. (4) 
(Thus an approximation argument shows that we can dispense with the a 
priori assumption that h be differentiable.) Now the conclusion of (C) will 
follow when we establish the following fact: if k is bounded and 2rc-periodic 
and satisfies 
Ik(x+u)+k(x-u)-2k(x)l <Bl(lul) (5) 
for X, u E R, then k E Lip,. The proof of (5) follows very closely the proof 
of Theorem 3.4 on page44 of [S, Vol. I]: Put I(u)=l(u, x)= k(x+u)- 
k(x). Then (5) gives 
1,,,2,(;)1 <BA((ul)=B IUI 5, 
and so 
Fix w  E [0, l] and n such that 2% E [i, 11, put u = 2%. Then we have 
$1(2”w)- l(w) < Bw “f’ 42n-‘w)/(2”-‘w) < BCA(w), 
,=o 
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where the last inequality follows by comparing the sum to 
w  J;, (E.(s)/s’) ds = @n(w)) as w  + 0. Then 
Ik(x+w)-k(x)l= Il(w)l <BCl(w)+& lZ(2”w)l <BCX(w)+4w IlkI/,. 
Since w  < C~(W) by the subadditivity of ;1, it follows that k E Lip,. 
Proof That (C) Imp& (D). The proof in [6] of (D) for A(t) = t’ works 
as well for any 2 satisfying (C). 
Proof That (D) Implies (A). Since the operator f-7 is effected by a 
multiplier, this follows from Theorems 1 and 2. 
The remainder of the paper is concerned with proving that when (B) 
holds, then if {dn) is a multiplier for Lip,, the series x’ (in)-’ dHein-’ is the 
Fourier series of a function in A L. The proof in [6] of this fact in the case 
A(t) = t’ depends on the theory of fractional integration. Here we must 
follow a different route. Our preliminary goal is to represent a subspace of 
Lip, as the dual of a certain space of analytic functions (Lemma 5). We will 
use the following standard notation : if f is a function on the unit disk 
D={lzl<l} in th e complex plane, then MJr, f) will be the norm of 
f(reie) in LP(T). For the remainder of the paper, i. will be a fixed majorant 
assumed to satisfy (B) of Theorem 3. 
LEMMA 4. Let f (z) be analytic in D. Then f (z) is continuous on D and 
f (e’“) E Lip, if and only if 
i;(l -r) 
M,(r,f’)=O ~ 
( ) l-r 
Proof: Because of (B) of Theorem 3, the proof of Theorem 5.1 in [l] 
works here as well. 
Now let ,4 denote the space of functions described in Lemma 4. If f E A, 
define 
Ilf II/l= If( +sup 
1 
(l-r)Mm(ryf’):O<r<l . 
i(l -r) 1 
It is easy to check that, with this norm, /i is a Banach space. Next, let A 
be the Banach space of analytic functions on D obtained by closing the 
polynomials in the norm 
II Pl,=~~ M,(r,g)edr. 
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LEMMA 5. The Banach space A is the duul space of’ A with the uction of 
,f’c A on g E A given h? 
(.f; g) = !5 & j”,f(e”‘) g(re “)) do. 
0 
The norms off in A and in A * are equivalent. 
Proof We modify the proof of Theorem 7 in [Z]: 
Formally, 
& j;‘/(e’“) g(re-“) dtl 
=I.(0)g(O)+~~~~~~~~(e’H)R(fe~‘H)dOdt 
=f(O) g(0) + ji k jIn eiHf’(t’i2eiH) g(t”‘e-“) d6 t- ‘I2 dt. 
Now 
el~ft(tl/ZeiH) g(t”2e-‘0) do t l/2 dt 
s I d M,(t”2,f’) M (t”2, gt- “’ dt < 2 II f II n II g II A. 0 
Since 
I sW)l dC II g/I, 
(C will always denote a positive constant depending only on A), it follows 
that 
!‘_“, iii 0 
’ J”2^/.(e”) g(re la) d0 
exists and is bounded by C II f Iln II g IIA. Thus A is continuously embedded 
in A*. Since this embedding is one-to-one, the lemma will be proved when 
we show that given 4 EA *, there is f~ A with d(g) = (f, g) for all gE A. 
(The equivalence of norms will follow from the closed graph theorem.) 
So fix 4 E A* and put a, = #(z”). Since 
II zn II A = o(n), 
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the series C,“=, a,,~” converges in D to an analytic function f(z). It is 
enough to show that 
A(1 -r) 
M,(r,f’)=O (l-r) ( > 
Fix w  with 1~1~1 and put 
SW(Z) = (] -z,;)‘. 
Since f’(w) = #(g,), the proof of Lemma 5 will be finished when we check 
that 
But M,(r, g,) = 0( l/( 1 - r I w  I )), so I/ g, II A is bounded by a multiple of 
s I 41 -r) dr 0 Cl-rlwl)(l-r) ’ 
Now 
s 
I WI A(1 -r) 
0 (l-rlwl)(l-r)dY’ I 
Iwl A(1 -r) 
0 (l 
dr<c 4l-lwl) 
.I-lwl’ 
where the last inequality follows from (B) of Theorem 3. Finally, 
s 
1 41-r) I 
I-I~+. (1 -r IwIN -r) 
dr6 1 
s 1-lwl l-lw., 
41-r)drGc.41-Iwl) 
l-r l-lwl 
by (B) again. 
To conclude the proof of Theorem 3, we will assume that {d,,) is a 
multiplier for Lip, and show that C’ (in))’ dneinX is the Fourier series of a 
function in Ai. We will actually show that if h(z) = C,“=, d,,z”, then 
M,(r,h’)=O & 
( > 
as r-+1. 
r 
By problem 11, page 296 of [8, Vol. I], and the fact that {de,} is a multi- 
plier of Lip, whenever {d,} is, this will complete the proof. 
Now {d,),“=, is a multiplier for A and therefore induces an operator on 
A which is a continuous operator by the closed graph theorem. Thus 
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Lemma 5 and a duality argument show that the map D: C,:=. c,,:” i--t 
X-z,, ~,A= ‘I is a bounded map on A. We will use the inequality 
II Ds II A G C II g II ,4 3 gf?A. (7) 
Following standard lines (see [ 1, Chap. 61, for example), we define for 
O<R<1 
IF,&) = (1 -zRz)2 
so that 
Dg,(z) = zh’( Rz). 
Since 
Ml(r,gR)=O & ( > 
and A( 1 - r)/( 1 - r) increases, (6) yields 
<c41 -RI \ 
1-R ’ 
Here the last inequality follows as in the conclusion of the proof of 
Lemma 5. Thus (6) is established and the proof of Theorem 3 is complete. 
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